We use Asymptotic Padé Approximants (APAP's) to predict the four-and five-loop β functions in QCD and N = 1 supersymmetric QCD (SQCD), as well as the quark mass anomalous dimensions in Abelian and non-Abelian gauge theories. We show how the accuracy of our previous β-function predictions at the four-loop level may be further improved by using estimators weighted over negative numbers of flavours (WAPAP's). The accuracy of the improved four-loop results encourages confidence in the new five-loop β-function predictions that we present. However, the WAPAP approach does not provide improved results for the anomalous mass dimension, or for Abelian theories.
Introduction
One of the greatest challenges in QCD is the calculation of higher orders in perturbation theory. Phenomenologically, these are important because the relatively large value of α s at accessible energies implies that many orders of perturbation theory are required in order to make precise quantitative tests. Theoretically, one expects the coefficients of the perturbative series for many QCD quantities to diverge factorially, and the rates of these divergences may cast light on issues in nonperturbative QCD, such as the existence and magnitudes of condensates and higher-twist effects [1] On the other hand, whilst progress in the exact calculations of higher-order terms in perturbative QCD series has been startling, with many new multi-loop results having recently become available [2] , existing perturbative techniques may not enable much further progress in exact calculations to be made in the near future. Thus various approximate techniques and numerical estimates may have a useful rôle to play. Among these, one may mention exact calculations of certain perturbative coefficients in the large-N F limit, and the emerging lore of renormalons [1] . Also of potential use in QCD are Padé Approximants (PA's), as described in section 2 of this paper, which have previously demonstrated their utility in applications to problems in condensed-matter physics and statistical mechanics [3] . In recent years, these have been applied to obtain successful numerical predictions in various quantum field theories, including QCD, and justifications for some of these successes have been found in some mathematical theorems [4] on the convergence and renormalization-scale invariance of PA's. These theorems apply, in particular, to perturbative QCD series dominated by renormalon singularities, and in the large-β 0 limit.
Based on these theorems, a new method was introduced [5] for estimating the nextorder coefficients in perturbative quantum field theory series on the basis of the known lower-order results and plausible conjectures on the likely high-order behaviour of the series, as also reviewed in section 2. This method "corrects" the conventional Padé Approximant Prediction (PAP) of the next term in the series by using an asymptotic error formula, providing improved predictions that we call Asymptotic Padé Approximant Predictions (APAP's).
APAP's have already provided successful predictions for the perturbative coefficients in the subsequent calculation of the four-loop β function in QCD, as discussed in section 3, and have also provided interesting results in N = 1 supersymmetric QCD (SQCD) [6] .
The purpose of this paper is to provide a more complete account of these predictions, to show how their accuracy may be improved in certain cases by a judicious weighting over negative numbers of flavours N F , and to extend these predictions to five loops in QCD in sections 5 and to SQCD in section 6. We also discuss analogous predictions for the QCD anomalous quark mass dimension in section 7, where "regular" APAP gives very good results, but the new weighting method does not improve matters. In section 8 we consider
Abelian gauge theories, with less successful results.
Before deriving these predictions, there is a technical issue which should be clarified, that may also illuminate an interesting physics point. As a general rule, β functions are scheme-dependent beyond one loop, and a theory with a single perturbative coupling constant g, such as QCD, is scheme-dependent beyond two loops, if one considers analytic redefinitions of g. In particular, the QCD β function can be transformed to zero beyond two loops, by making a suitable choice of renormalization scheme 1 . In our analysis of QCD, we use the M S scheme, and in N = 1 SQCD we favour the DRED scheme 2 .
The successes of the APAP procedure indicate that asymptotia and the convergence of PAP's are remarkably precocious in these schemes. In the SQCD case, there exists an alternative scheme (NSVZ) [7] , associated with the Wilsonian action, in which there is an all-orders relation between β g and the quark anomalous dimension γ q . The NSVZ scheme differs perturbatively from DRED [8] , and therefore provides a distinct test for the APAP method. We compare predictions for β g in both DRED and NSVZ, finding that they are less compelling in the latter case: perhaps minimal subtraction schemes are more amenable to Padé techniques? If so, it would be interesting to fathom the reason.
As already noted, these techniques are not so successful for the quark mass anomalous dimension, or for Abelian theories. Perhaps these instances also provide clues when and why the Padé magic works.
Formalism
We start by recalling relevant aspects of the formalism for PA's and APAP's, and establishing our notation. For a generic perturbative series
1 In fact, it can even be transformed to zero beyond one loop by a non-analytic redefinition of g involving ln g: such redefinitions are associated with the Wilsonian action in supersymmetric theories. 2 We recall that DRED corresponds to minimal subtraction in conjunction with regularisation by dimensional reduction.
the Padé approximant [N/M ](x) is given by [3] [
with b 0 = 1, and the other coefficients chosen so that
3)
The coefficient of the
. If the perturbative coefficients S n diverge as n! for large n, it is possible to show [4] that the relative error
has the asymptotic form
as N → ∞, for fixed M , where
and A, a, b are constants. This theorem not only guarantees the convergence of the PAP's, but also specifies the asymptotic form of the corrections.
The idea of APAP's is to fit the magnitude of this asymptotic correction using the known low-order perturbative coefficients, and apply the resulting numerical correction to the naïve PAP's. In the applications discussed in this paper, we work with 
where, motivated by its appropriateness in φ 4 field theory, we choose a + b = 0 in the QCD application discussed in the next section, and A is then determined by comparing
Alternatively, we could have chosen a value of A and determined a + b from δ 2 . However, as we shall see, when we go to five loops, knowledge of δ 2 and δ 3 enables us to fit both A and a + b simultaneously.
Application to the Four-Loop β Function in QCD
The APAP method was applied in [5] to estimate the four-loop QCD β function coefficient β 3 , on the basis of the lower-order terms
known before the appearance of the explicit four-loop calculation [9] . The quadratic Casimir coefficients C A and C F for the adjoint and fundamental representations are given for the case of SU (N C ) by
and we assume the standard normalisation so that T F = 1 2 . We denote by N A the number of group generators, so that for SU (N C ) we have
We recall that β 3 is a polynomial in the number of flavours N F :
where D 3 = 1.499 (for N C = 3) was already known from large-N F calculations. To justify applying the estimate (2.5), we assume that the β n ∼ n! for large n, as discussed in [5] .
The predictions for A 3 , B 3 , C 3 resulting from fitting the APAP results for 0 ≤ N F ≤ 4 to a polynomial of the form (2.5) are compared to the exact results in the first columns of Table I .
The exact four-loop coefficient of the QCD β function for N C colours is taken from the calculation of [9] , which was published after the APAP estimate:
where ζ 3 ≡ ζ(3) = 1.2020569 · · ·. The quartic Casimir coefficients in (3.4) are given for
For N C = 3 one obtains 6) whereas β 3 is given by the coefficients shown in Table I when one omits the quartic Casimir contributions.
These quartic Casimir terms appear for the first time at four-loop order. They are analogous to the light-by-light scattering terms in (g−2) µ , and PA-based techniques cannot estimate them on the basis of lower-order terms with different group-theoretical factors.
Such terms are known to be important in (g − 2) µ , but were relatively unimportant in previous perturbative QCD applications. In the case of β 3 , they turn out to be about 15 to 20 % for small N F , but are non-negligible for N F ∼ 5. Setting these terms aside, the agreement between the predictions of [5] and the exact results of [9] is remarkable. The predictions we present in the rest of this paper should all be understood as applying to perturbative coefficients without the higher-order analogues of such quartic Casimir terms. [5] .
Following [5] , the same APAP method was applied in [6] to estimate the four-loop β function in SQCD. The agreement with known results was again encouraging, and the APAP provided a prediction α ≈ 2.4 for the unknown constant [8] in the four-loop SQCD β function, as discussed also in section 5.
Weighted APAP's in QCD
Before going on to make new predictions for QCD and SQCD at the five-loop level, we first draw attention to a refinement that offers an improvement on APAP's in the four-loop QCD case. As can be seen in Table I , the signs of the coefficients A 3 , B 3 , C 3 alternate. A corollary of this is that the APAP predictions for N F ∼ 5 are sensitive to cancellations and relatively inaccurate. Conversely, the numerical analysis is relatively stable for (fictitious)
We have observed empirically that more accurate predictions for the coefficients . Our prediction for B 3 is then
where
|. We estimate C 3 in similar fashion. Both the B 3
calculation and the C 3 calculation yield a result for A 3 , obtained as in (4.1) : we take as our prediction for A 3 the mean of these two values. quartic Casimir terms (crosses). We see that the latter are the most accurate for β 3 in QCD. In Figure 2 we show the error in the WAPAP prediction for β 3 as a function of N F , for N C =3, 4, 5, 6, 7 and 10, once again omitting quartic Casimir terms from the exact result. The accuracy of these predictions is our best evidence for believing in the utility of the WAPAP method.
To anticipate the obvious question: we have explored whether this WAPAP procedure gives significantly better results than the conventional APAP's for the other perturbative series considered in this paper, namely the SQCD β function and the anomalous dimension of the quark mass. As we discuss in sections 7 and 8, the remarkable success of the method at four loops is not repeated for other cases, but there is distinct evidence (provided by large-N F -expansion results) that WAPAP leads to more reliable predictions at five loops.
However, we feel that the results in Tables I and II already provide ample 
Five-Loop Predictions in QCD
We now outline the application of the APAP method to estimate the five-loop β function coefficients β 4 in QCD, using our knowledge of the corresponding β 0 to β 3 . The standard [2, 1] Padé leads to the estimate
This is then corrected in a similar fashion to Eq. (2.7):
where, according to Eqs. (2.5), (2.6), δ 4 is given asymptotically by
To estimate δ 4 we therefore need to know both A and a+b. These can be deduced from the lower-order relative errors δ 2 and δ 3 , as defined in (2.4) for which we use the asymptotic estimates (2.5):
from which we obtain A and a + b 3 .
We now calculate the WAPAP for the five-loop QCD β function, which we parametrise as
Once again we can input the coefficient of the highest power in N F , which is given in this case by [10] :
using which we obtain the five-loop results shown in Table III . 3 The fitted value of a + b is not necessarily close to the value zero assumed in the estimate of Notice that in Table III Casimir terms, which should in any event be omitted in the comparison. We can only hope that such contributions are relatively unimportant, which is the case for the quartic terms in β 3 for small N F . We anticipate that the percentage errors of the w/o Q estimates of the non-quartic terms in the coefficients are likely to be the smallest, whereas the best estimate of the full coefficients may be provided by the w. Q estimates.
We show below the results obtained if we choose not to input the value of E 4 , but rather predict that as well. As can be seen, the results for A 4 , B 4 and C 4 , in particular, are very stable. Moreover, the prediction for E 4 is encouragingly close to the true value, considering the extreme smallness of E 4 compared to A 4 . It is not possible to state precise errors for the type of prediction discussed in this paper. We gave in [5] certain estimates of the uncertainties, which turned out to be in the right ballpark if quartic Casimir terms are omitted in the comparison, as reported in Table I . The appearance of such new quartic terms is characteristic of the type of theoretical 'systematic error' that cannot be foreseen. In the case of our β 4 predictions in QCD, we draw the reader's attention to the differences between the w. Q and w/o Q entries in Table III , and to the differences between these and the corresponding entries in Table IV , obtained without using the known values of E 4 as inputs. The most accurate estimates of the full coefficients are likely to be the w. Q entries in Table III , but the uncertainties are unlikely to be smaller than these differences.
Five-Loop Predictions in N = 1 Supersymmetric QCD
We begin with the SQCD β function in the DRED regularisation scheme, where the first four coefficients are given by [8] :
where N C is the number of colours, and
Here κ = 6ζ 3 and α is a constant which has not yet been calculated exactly. Notice that there are no quartic Casimir contributions in the SQCD case 4 . The APAP method was used in an earlier paper [6] to obtain the estimate α ≈ 2.4.
Proceeding now to five loops, we write
As in the QCD case we can input the true value of E 4 provided by a recent large N F calculation [11] , and given by
We choose to calculate the WAPAP predictions both with and without this input. This also enables us to explore the sensitivity of the resulting prediction for E 4 to variations in 4 Their absence may be understood as a consequence of the fact that the β function vanishes beyond one loop for an arbitrary N = 2 supersymmetric theory. We are unable, however, to comment on the possible appearance of quartic and higher-order Casimir terms at the five-loop level.
α. Assuming α = 2.4, we obtain the results shown in The value α = 2.4 used above was itself based on an APAP calculation [6] . It behoves us, therefore, to explore the sensitivity of our results to the precise value of α. In Fig. 3 we plot the WAPAP result for E 4 against α, for −3 < α < 3. We see that for this range there are two values of α corresponding to E 4 = E exact 4
, namely α ≈ −0.9 and α ≈ 1.4. Given the fact that in general we would expect E 4 to be the least-well determined coefficient, we consider this result to be reasonably consistent with our previous prediction that α ≈ 2.4.
It should be noted that our predictions for A 4 · · · D 4 are also sensitive to the precise value of α.
We turn now to the alternative NSVZ prescription for the SQCD β-function, given by the following exact formula [7] which relates β g to the quark anomalous dimension, γ q :
Note the overall minus sign, in accordance with our conventions here. Using (6.5) and the result for γ NSVZ q given in [8] , we obtain:
6a)
In this case there is no undetermined parameter α: we know [8] γ 
we can find E 4 , as we did in the DRED case, from the large-N F results in [11] . The result is:
We also have, as is evident from (6.5), that A 4 = 48N We see that the WAPAP's are in general in good agreement with the exact result for A 4 in the NSVZ scheme, at the 10% level. Although encouraging, these results are not quite as compelling as the ones for the DRED scheme. This is at first sight surprising, given the form of (6.5), which appears at first sight to be close to the rational function form of the PA's. However, as mentioned in the Introduction, perhaps minimal subtraction schemes are more amenable to Padé techniques. The anomalously poor result for A 4 in Table VII is caused by the fact that the error δ 4 is close to −1 in this case, for the N Analogously to the five-loop QCD case discussed in the previous section, we take the differences between the entries in Tables VII and VIII as lower limits on the possible uncertainties in our five-loop NSVZ predictions.
The Quark Mass Anomalous Dimension in QCD
We now consider the quark mass anomalous dimension γ in QCD, defined as
where a = α s /π. The 4-loop coefficient γ 3 was recently computed in [13] [14] and the full exact results for the coefficients γ n for n = 0, 1, 2, 3 are given by
where for SU (N C ) the quadratic and quartic Casimirs are as defined in (3.2), (3.5), and Table IX, where numerical predictions for the coefficients in the parametrization It can be seen that in all cases the APAP estimate is quite accurate over a wide range of N C . In most cases, the APAP estimate is closer to the exact result without the quartic Casimir contribution (w/o Q), but in any case the quartic Casimir contribution to γ 3 is smaller than in the case of the QCD β function.
We now go on to discuss the five-loop APAP estimate of γ. We parametrize the five-loop quark mass anomalous dimension γ 4 in the form
where the value of E γ 4 can be derived from [15] : 
Abelian Gauge Theories
All of the previous sections have dealt with APAP predictions for non-Abelian theories.
It is natural to ask whether similarly accurate results can be obtained for the Abelian case. We address this question in this section, choosing as our example the fermion mass anomalous dimension with N F charged fermions, where good results were found in the non-Abelian case, as we saw in the previous section. A supplementary reason for choosing this example is that the next-to-leading-N F result is available, as well as the leading one.
The results for γ 1 · · · γ 3 in the abelian case follow from Eq. (7.2) by setting We can see at once that the miraculous success of the previous APAP prediction for γ 3
will not be reproduced here. For N F = 0, the sign of γ 3 differs from the sign of γ We notice now, however, that γ 2 has zeros, and hence γ We leave it to the reader to convince her(him)self that we cannot expect to extract reliable predictions for A 4 · · · C 4 . We also record that the QED and SQED gauge β-functions yield similarly unattractive results. Evidently, Abelian theories are less amenable to the APAP approach, for some unknown reason.
Conclusions
We have presented results obtained from our APAP method for the four-loop and five-loop QCD β-function coefficients, for the five-loop SQCD β-function coefficients, and for the four-and five-loop quark mass anomalous dimensions in QCD. Particularly in the case of the QCD β-function, and to some extent also for SQCD, particularly in the DRED scheme, a modified procedure for extracting the predictions for the various coefficients of powers of N F (WAPAP) gave improved results. In general, the four-loop results agree very well with the known results, giving us confidence in our predictions of the five-loop terms.
Our four-loop QCD β-function predictions [5] were confirmed very rapidly by an exact calculation [9] . Unfortunately, in view of the current limitations on the technology of exact perturbative calculations in QCD and SQCD, it may be some time before our fiveloop predictions can also be tested directly. It would therefore be interesting to find alternative techniques that could be confronted or combined with APAP's. One possible complementary technique may be that of the large-N F expansion. Unfortunately, it is the leading term in N F which is least well determined by the APAP approach, which is related to the poor results obtained in the Abelian case. It would be very interesting if the large-N F methods could be extended to next-to-leading terms in this expansion for the non-Abelian case, in which case more comparisons and cross-checks could be made.
